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Abstract
We study an effective quantum description of the static gravitational potential for spherically
symmetric systems up to the first post-Newtonian order. We start by obtaining a Lagrangian for
the gravitational potential coupled to a static matter source from the weak field expansion of the
Einstein-Hilbert action. By analysing a few classical solutions of the resulting field equation, we
show that our construction leads to the expected post-Newtonian expressions. Next, we show
that one can reproduce the classical Newtonian results very accurately by employing a coherent
quantum state and modifications to include the first post-Newtonian corrections are considered.
Our findings establish a connection between the corpuscular model of black holes and post-
Newtonian gravity, and set the stage for further investigations of these quantum models.
PACS - 04.70.Dy, 04.70.-s, 04.60.-m
1 Introduction
In the Newtonian theory, energy is a well-defined quantity and is conserved along physical trajecto-
ries (barring friction), which ensures the existence of a scalar potential for the gravitational force.
In General Relativity [1], the very concept of energy becomes much more problematic (see, e.g. [2]
and References therein) and there is no invariant notion of a scalar potential. Even if one just
considers the motion of test particles, the existence of conserved quantities along geodesics requires
the presence of Killing vector fields. In sufficiently symmetric space-times, one may therefore end
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up with equations of motion containing potential terms, whose explicit form will still depend on the
choice of observer (time and spatial coordinates). Overall, such premises allow for a “Newtonian-
like” description of gravitating systems with strong space-time symmetries, like time-independence
and isotropy, which can in turn be quantised by standard methods [3, 4].
We are here particularly interested in static and isotropic compact sources, for which one can
indeed determine an effective theory for the gravitational potential, up to a certain degree of confi-
dence. When the local curvature of space-time is weak and test particles propagate at non-relativistic
speed, non-linearities are suppressed. The geodesic equation of motion thereby takes the form of the
standard Newtonian law with a potential determined by the Poisson equation, and Post-Newtonian
corrections can be further obtained by including non-linear interaction terms. The inclusion of
these non-linear terms in the quantum effective description of the gravitational potential are pre-
cisely what we are going to address in this work, following on the results of Ref. [5].
One of the motivations for this study is provided by the corpuscular model of gravity recently
theorised by Dvali and Gomez [6]. According to this model, a black hole is described by a large
number of gravitons in the same (macroscopically large) state, thus realising a Bose-Einstein con-
densate at the critical point [7, 8]. In particular, the constituents of such a self-gravitating object
are assumed to be marginally bound in their gravitational potential well 1, whose size is given by
the characteristic Compton-de Broglie wavelength λG ∼ RH, where 2
RH = 2 `p
M
mp
(1.1)
is the Schwarzschild radius of the black hole of mass M , and whose depth is proportional to the
very large number NG ∼M2/m2p of soft quanta in this condensate [12]. In the original proposal [6],
the role of matter was argued to be essentially negligible by considering the number of its degrees of
freedom is subdominant with respect to the gravitational ones, especially when representing black
holes of astrophysical size (see also Ref. [13, 14]).
When the contribution of gravitons is properly related to the necessary presence of ordinary
baryonic matter, not only the picture enriches, but it also becomes clearly connected to the post-
Newtonian approximation [5]. The basic idea is very easy to explain: suppose we considerN baryons
of rest mass µ very far apart, so that their total ADM energy [15] is simply given by M = N µ.
As these baryons fall towards each other, while staying inside a sphere of radius R, their (negative)
gravitational energy is given by
UBG ∼ N µVN ∼ −`pM
2
mpR
, (1.2)
where VN ∼ −`pM/mpR is the (negative) Newtonian potential. In terms of quantum physics,
this gravitational potential can be represented by the expectation value of a scalar field Φˆ over a
coherent state |g〉,
〈 g| Φˆ |g 〉 ∼ VN . (1.3)
The immediate aftermath is that the graviton number NG generated by matter inside the sphere
of radius R is determined by the normalisation of the coherent state and reproduces Bekenstein’s
1For improvements on this approximation, see Refs. [9, 10, 11].
2We shall mostly use units with c = 1 and the Newton constant GN = `p/mp, where `p is the Planck length and
mp the Planck mass (so that ~ = `p mp).
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area law [16], that is
NG ∼ M
2
m2p
∼ R
2
H
`2p
, (1.4)
where RH is now the gravitational radius of the sphere of baryons. In addition to that, assuming
most gravitons have the same wave-length λG, the (negative) energy of each single graviton is
correspondingly given by
G ∼ UBG
NG
∼ −mp `p
R
, (1.5)
which yields the typical Compton-de Broglie length λG ∼ R. The graviton self-interaction energy
hence reproduces the (positive) post-Newtonian energy,
UGG(R) ∼ NG G 〈 g| Φˆ |g 〉 ∼
`2pM
3
m2pR
2
. (1.6)
This view is consistent with the standard lore, since the UGG  |UBG| for a star with size R RH.
Furthermore, for R ' RH, one has
U(RH) ≡ UBG(RH) + UGG(RH) ' 0 , (1.7)
which is precisely the “maximal packing” condition of Ref. [6].
We shall here refine the findings of Ref. [5], by first deriving the effective action for a static
and spherically symmetric potential from the Einstein-Hilbert action in the weak field and non-
relativistic approximations. We shall then show that including higher order terms yields classical
results in agreement with the standard post-Newtonian expansion of the Schwarzschild metric (see
Appendix A) and a quantum picture overall consistent with the one recalled above from Ref. [5].
We remark once more this picture is based on identifying the quantum state of the gravitational
potential as a coherent state of (virtual) soft gravitons, which provides a link between the microscopic
dynamics of gravity, understood in terms of interacting quanta, and the macroscopic description of
a curved background.
The paper is organised as follows: in Section 2, we construct the effective action for the gravi-
tational potential up to the first post-Newtonian correction and study a few solutions of the corre-
sponding classical field equation; the analogous quantum picture is then given in Section 3, where
we analyse in details the coherent state and estimate its post-Newtonian corrections; final consid-
erations and possible future developments are summarised in Section 4.
2 Effective scalar theory for post-Newtonian potential
It is well known that a scalar field can be used as the potential for the velocity of a classical fluid [17].
We will show here that it can also be used in order to describe the usual post-Newtonian correction
that appears in the weak field expansion of the Schwarzschild metric. It is important to recall that
this picture implicitly assumes the choice of a specific reference frame for static observers (for more
details, see Appendix A)
Let us start from the Einstein-Hilbert action with matter [1]
S = SEH + SM =
∫
d4x
√−g
(
− mp
16pi `p
R+ LM
)
, (2.1)
3
where R is the Ricci scalar and LM is the Lagrangian density for the baryonic matter that sources
the gravitational field. In order to recover the post-Newtonian approximation in this framework,
we must assume the local curvature is small, so that the metric can be written as gµν = ηµν + hµν ,
where ηµν is the flat Minkowski metric with signature (−,+,+,+) and |hµν |  1. The Ricci scalar
then takes the simple form
R = h− ∂µ∂νhµν + O(h2) , (2.2)
where
 = −∂2t +4 (2.3)
is the d’Alembertian in flat space, the trace h = ηµν hµν , and the linearised Einstein field equation
is given by
−hµν + ηµν h+ ∂µ∂λhλν + ∂ν∂λhλµ − ηµν ∂λ∂ρhλρ − ∂µ∂νh = 16pi `p
mp
Tµν . (2.4)
In the de Donder gauge,
2 ∂µhµν = ∂νh , (2.5)
the trace of the field equation yields
h = 16pi `p
mp
T , (2.6)
where T = ηµν Tµν , and Eq. (2.4) reduces to
−hµν = 16pi `p
mp
(
Tµν − 1
2
ηµν T
)
. (2.7)
In addition to the weak field limit, we assume that all matter in the system moves with a
characteristic velocity much slower than the speed of light in the (implicitly) chosen reference frame
xµ = (t,x). The only relevant component of the metric is therefore h00(x), and its time derivatives
are also neglected 3. The Ricci scalar reduces to
R ' 4h00(x) , (2.8)
and the stress-energy tensor is accordingly determined solely by the energy density in this non-
relativistic regime,
Tµν =
2√−g
δSM
δgµν
= 2
δLM
δgµν
− gµν LM ' uµ uν ρ(x) , (2.9)
where uµ = δµ0 is the four-velocity of the static source fluid. Note further that the above stress-energy
tensor follows from the simple matter Lagrangian
LM ' −ρ(x) , (2.10)
3For static configurations, the gauge condition (2.5) becomes Eq. (B.13), and is always satisfied.
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as one can see from the variation of the baryonic matter density [18]
δρ =
1
2
ρ (gµν + uµ uν) δg
µν , (2.11)
and the well-known formula
δ
(√−g) = −1
2
√−g gµν δgµν . (2.12)
This is indeed the case of interest to us here, since we do not consider explicitly the matter dynamics
but only how (static) matter generates the gravitational field in the non-relativistic limit, in which
the matter pressure is negligible [17] 4. In this approximation, Eq. (2.7) takes the very simple form
4h00(x) = −8pi `p
mp
T00(x) = −8pi `p
mp
ρ(x) , (2.13)
since T00 = ρ to leading order. Finally, we know the Newtonian potential VN is generated by the
density ρ according to the Poisson equation
4VN = 4pi `p
mp
ρ , (2.14)
which lets us identify h00 = −2VN.
It is now straightforward to introduce an effective scalar field theory for the gravitational po-
tential. First of all, we shall just consider (static) spherically symmetric systems, so that ρ = ρ(r)
and VN = VN(r), correspondingly. We replace the Einstein-Hilbert action SEH in Eq. (2.1) with
the massless Fierz-Pauli action so that, in the approximation (2.9) and (2.10), we obtain the total
Lagrangian (see Appendix B)
L[VN] ' 4pi
∫ ∞
0
r2 dr
(
mp
32pi `p
h004h00 + h00
2
ρ
)
= 4pi
∫ ∞
0
r2 dr
(
mp
8pi `p
VN4VN − ρ VN
)
= −4pi
∫ ∞
0
r2 dr
[
mp
8pi `p
(
V ′N
)2
+ ρ VN
]
, (2.15)
where we integrated by parts 5 and f ′ ≡ df/dr. Varying this Lagrangian with respect to VN, we
obtain Eq. (2.14) straightforwardly 6.
In order to go beyond the Newtonian approximation, we need to modify the latter functional
by adding non-linearities. We start by computing the Hamiltonian,
H[VN] = −L[VN] = 4pi
∫ ∞
0
r2 dr
(
− mp
8pi `p
VN4VN + ρ VN
)
, (2.16)
4A non-negligible matter pressure usually complicates the system significantly and is left for a separate work.
5The boundary conditions that ensure vanishing of boundary terms will be explicitly shown when necessary.
6Were one to identify the Lagrangian density in Eq. (2.15) with the pressure pN of the gravitational field, it would
appear the Newtonian potential has the equation of state pN = −ρN/3 [17].
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as follows from the static approximation. If we evaluate this expression on-shell by means of
Eq. (2.14), we get the Newtonian potential energy
UN(r) = 2pi
∫ r
0
r¯2 dr¯ ρ(r¯)VN(r¯) , (2.17)
which one can view as given by the interaction of the matter distribution enclosed in a sphere of
radius r with the gravitational field. Following Ref. [5], we could then define a self-gravitational
source JV given by the gravitational energy UN per unit volume. We first note that
UN(r) =
mp
2 `p
∫ r
0
r¯2 dr¯ VN(r¯)4VN(r¯)
= −mp
2 `p
∫ r
0
r¯2 dr¯
[
V ′N(r¯)
]2
, (2.18)
where we used Eq. (2.14) and then integrated by parts discarding boundary terms. The correspond-
ing energy density is then given by
JV (r) =
1
4pi r2
d
dr
UN(r) = − mp
8pi `p
[
V ′N(r)
]2
. (2.19)
The appearance of the above contribution can in fact be found at the next-to-leading order (NLO)
in the expansion of the theory (2.1). As is shown in Appendix B, the current JV is in particular
proportional to the NLO term (B.10) coming from the geometric part of the action. Upon including
this new source term, together with its matter counterpart (B.11) from the expansion of the matter
Lagrangian, we obtain the total Lagrangian in Eq. (B.12) for a new field V , namely
L[V ] = 4pi
∫ ∞
0
r2 dr
[
mp
8pi `p
V 4V − qB ρ V + 2 qΦ (qB V ρ− 2 JV )V
]
= 4pi
∫ ∞
0
r2 dr
[
mp
8pi `p
V 4V − qB V ρ (1− 2 qΦ V ) + qΦmp
2pi `p
V
(
V ′
)2]
= −4pi
∫ ∞
0
r2 dr
[
mp
8pi `p
(1− 4 qΦ V )
(
V ′
)2
+ qB V ρ (1− 2 qΦ V )
]
, (2.20)
where the parameters qB and qΦ keep track of the coupling of V with matter and the self-coupling,
respectively (see again Appendix B for the details). It is important to remark that, beyond the
linear order, the construction of an effective theory from the Einstein-Hilbert action (2.1) is plagued
by inconsistencies when coupled to matter. In order to overcome these issues, the NLO has therefore
been constructed from the Pauli-Fierz action so as not to spoil the Newtonian approximation [19].
We will show in the following that the post-Newtonian correction (A.21) is indeed properly recovered
for qB = qΦ = 1.
The Euler-Lagrange equation for V is given by
0 =
δL
δV
− d
dr
(
δL
δV ′
)
= 4pi r2
[
−qB ρ+ 4 qB qΦ ρ V + qΦmp
2pi `p
(
V ′
)2]
+
mp
`p
[
r2 V ′ (1− 4 qΦ V )
]′
, (2.21)
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and, on taking into account that r24f(r) = (r2 f ′)′ for spherically symmetric functions, we obtain
the field equation
(1− 4 qΦ V )4V = 4pi qB `p
mp
ρ (1− 4 qΦ V ) + 2 qΦ
(
V ′
)2
. (2.22)
This differential equation is obviously hard to solve analytically for a general source. We will
therefore expand the field V up to first order in the coupling qΦ 7,
V (r) = V(0)(r) + qΦ V(1)(r) , (2.23)
and solve Eq. (2.22) order by order. In particular, we have
4V(0) = 4pi qB
`p
mp
ρ , (2.24)
which, when qB = 1, is just the Poisson Eq. (2.14) for the Newtonian potential and
4V(1) = 2
(
V ′(0)
)2
, (2.25)
which gives the correction at first order in qΦ.
To linear order in qΦ, the on-shell Hamiltonian (2.16) is also replaced by
H[V ] = −L[V ]
' 4pi
∫ ∞
0
r2 dr
{
−V
2
[
qB ρ+
qΦmp
2pi `p
(
V ′
)2]
+ qB ρ V − qΦmp
2pi `p
V
(
V ′
)2}
' 2pi
∫ ∞
0
dr r2
[
qB ρ V (1− 4 qΦ V )− qΦ 3mp
2pi `p
V
(
V ′2
)]
, (2.26)
where we used Eq. (2.22). In the following, we will still denote the on-shell contribution containing
the matter density ρ with
UBG = 2pi qB
∫ ∞
0
r2 dr ρ
[
V(0) + qΦ
(
V(1) − 4V 2(0)
)]
+ O(q2Φ) , (2.27)
which reduces to the Newtonian UN in Eq. (2.17) for qB = 1 and qΦ = 0, and the rest as
UGG = −3 qΦ `p
mp
∫ ∞
0
r2 dr V(0)
(
V ′(0)
)2
+ O(q2Φ) . (2.28)
2.1 Classical solutions
We will now study the general classical solutions to Eqs. (2.24) and (2.25). Since we are interested in
static and spherically symmetric sources, it is convenient to consider eigenfunctions of the Laplace
operator,
4j0(k r) = −k2 j0(k r) , (2.29)
7Since Eq. (2.22) is obtained from a Lagrangian defined up to first order in qΦ, higher-order terms in the solution
would not be meaningful.
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that is, the spherical Bessel function of the first kind
j0(k r) =
sin(k r)
k r
, (2.30)
which enjoys the normalisation
4pi
∫ ∞
0
r2 dr j0(p r) j0(k r) =
2pi2
k2
δ(p− k) . (2.31)
Assuming the matter density is a smooth function of the radial coordinate, we can project it on the
above modes,
ρ˜(k) = 4pi
∫ ∞
0
r2 dr j0(k r) ρ(r) , (2.32)
and likewise
V˜(n)(k) = 4pi
∫ ∞
0
r2 dr j0(k r)V(n)(r) . (2.33)
Inverting these expressions, one obtains the expansions in Laplacian eigenfunctions,
f(r) =
∫ ∞
0
k2 dk
2pi2
j0(k r) f˜(k) , (2.34)
in which we used ∫
d3k
(2pi)3
=
∫ ∞
0
k2 dk
2pi2
, (2.35)
since all our functions only depend on the radial momentum k ≥ 0.
The zero-order Eq. (2.24) in momentum space reads
V˜(0)(k) = −4pi qB
`p ρ˜(k)
mp k2
, (2.36)
which can be inverted to yield the solution
V(0)(r) = −2 qB
`p
mp
∫ ∞
0
dk
pi
j0(k r) ρ˜(k) . (2.37)
The r.h.s. of Eq. (2.25) can then be written as
2
(
V ′(0)(r)
)2
= q2B
8 `2p
m2p
(∫ ∞
0
k dk
pi
j1(k r) ρ˜(k)
)2
, (2.38)
where we used Eq. (2.36) and
[j0(k r)]
′ = −k j1(k r) . (2.39)
The first-order Eq. (2.25) is however easier to solve directly in coordinate space usually.
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For example, for a point-like source of mass M0, whose density is given by
ρ = M0 δ
(3)(x) =
M0
4pi r2
δ(r) , (2.40)
one finds
ρ˜(k) = M0
∫ ∞
0
dr j0(k r) δ(r) = M0 , (2.41)
and Eq. (2.36) yields the Newtonian potential outside a spherical source of mass M0 (for qB = 1),
that is
V(0)(r) = −2 qB
`pM0
mp r
∫ ∞
0
dz
pi
j0(z) = −qB `pM0
mp r
. (2.42)
Note that this solution automatically satisfies the regularity condition
lim
r→∞V(0)(r) = 0 . (2.43)
Next, for r > 0, one has
2
(
V ′(0)(r)
)2
= q2B
8 `2pM
2
0
m2p r
4
(∫ ∞
0
z dz
pi
j1(z)
)2
= q2B
2 `2pM
2
0
m2p r
4
, (2.44)
and Eq. (2.25) admits the general solution
V(1) = A1 − qB
`pM1
mp r
+ q2B
`2pM
2
0
m2p r
2
. (2.45)
On imposing the same boundary condition (2.43) to V(1), one obtains A1 = 0. The arbitrary
constant M1 results in a (arbitrary) shift of the ADM mass,
M = M0 + qΦM1 , (2.46)
and one is therefore left with the potential
V = −qB `pM
mp r
+ qΦ q
2
B
`2pM
2
m2p r
2
+ O(q2Φ) . (2.47)
This expression matches the expected post-Newtonian form (A.21) at large r for qB = qΦ = 1. It
also clearly shows the limitation of the present approach: at small r, the post-Newtonian correction
V(1) grows faster than V(0) = VN and our perturbative approach will necessarily break down.
We can also evaluate the potential energy (2.26) generated by the point-like source. The baryon-
graviton energy (2.27) of course diverges, but we can regularise the matter density (2.40) by replacing
δ(r)→ δ(r − r0), where 0 < r0  `pM0/mp. We then find
UBG ' −q2B
`pM0M
2mp r0
− q3B qΦ
3 `2pM
3
2m2p r
2
0
. (2.48)
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With the same regularisation, we obtain the graviton-graviton energy
UGG ' −3 qΦ `p
mp
∫ ∞
r0
r2 dr V(0)
(
V ′(0)
)2
= q3B qΦ
3 `2pM
3
2m2p r
2
0
, (2.49)
which precisely cancels against the first order correction to UBG in Eq. (2.48), and
U = UBG + UGG = −q2B
`pM0M
2mp r0
. (2.50)
Of course, for r ' r0  `pM0/mp, the post-Newtonian term in Eq. (2.47) becomes much larger
than the Newtonian contribution, which pushes the above UBG and UGG beyond the regime of
validity of our approximations. Nonetheless, it is important to notice that, given the effective
Lagrangian (2.20), the total gravitational energy (2.50) for a point-like source will never vanish
and the maximal packing condition (1.7) cannot be realised. This is consistent with the concept of
corpuscular black holes as quantum objects with a (very) large spatial extensions R ∼ RH.
For the reasons above, we shall next study extended distributions of matter, which will indeed
lead to different, more sensible results within the scope of our approach.
2.2 Homogeneous matter distribution
For an arbitrary matter density, it is hopeless to solve the equation (2.25) for V(1) analytically. Let
us then consider the very simple case in which ρ is uniform inside a sphere of radius R,
ρ(r) =
3M0
4pi R3
Θ(R− r) , (2.51)
where Θ is the Heaviside step function and
M0 = 4pi
∫ ∞
0
r2 dr ρ(r) . (2.52)
For this matter density, we shall now solve Eqs. (2.24) and (2.25) with boundary conditions that
ensure V is regular both at the origin r = 0 and infinity, that is
V ′(n)(0) = limr→∞V(n)(r) = 0 , (2.53)
and smooth across the border r = R,
lim
r→R−
V(n)(r) = lim
r→R+
V(n)(r) , lim
r→R−
V ′(n)(r) = lim
r→R+
V ′(n)(r) . (2.54)
The solution to Eq. (2.24) inside the sphere is then given by
V(0)in(r) = qB
`pM0
2mpR3
(
r2 − 3R2) (2.55)
while outside
V(0)out(r) = −qB
`pM0
mp r
, (2.56)
10
5 10 15 20
r
RH
-0.15
-0.10
-0.05
0.00
V
Figure 1: Potential to first order in qΦ (solid line) vs Newtonian potential (dashed line) for R =
10 `pM/mp ≡ 5RH and qB = qΦ = 1.
which of course equal the Newtonian potential for qB = 1.
At first order in qΦ we instead have
V(1)in(r) = q
2
B
`2pM
2
0
10m2pR
6
(
r4 − 15R4) (2.57)
and
V(1)out(r) = q
2
B
`2pM
2
0
5m2pR
5R− 12 r
r2
. (2.58)
The complete outer solution to first order in qΦ is thus given by
Vout(r) = −qB `pM0
mp r
(
1 + qΦ qB
12 `pM0
5mpR
)
+ q2B qΦ
`2pM
2
0
m2p r
2
+ O(q2Φ) . (2.59)
From this outer potential, we see that, unlike for the point-like source, we are left with no arbitrary
constant and the ADM mass is determined as
M = M0
(
1 + qΦ qB
12 `pM0
5mpR
)
+ O(q2Φ) , (2.60)
and, replacing this expression into the solutions, we finally obtain
Vin(r) = qB
`pM
2mpR3
(
r2 − 3R2)+ q2B qΦ `2pM210m2pR6 (r4 − 12R2 r2 + 21R4)+ O(q2Φ) , (2.61)
Vout(r) = −qB `pM
mp r
+ q2B qΦ
`2pM
2
m2p r
2
+ O(q2Φ) . (2.62)
We can now see that the outer field again reproduces the first post-Newtonian result (A.21) of
Appendix A when qB = qΦ = 1 (see Figs. 1 and 2 for two examples).
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r
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-0.6
-0.4
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V
Figure 2: Potential to first order in qΦ (solid line) vs Newtonian potential (dashed line) for R =
2 `pM/mp ≡ RH and qB = qΦ = 1.
Since the density (2.51) is sufficiently regular, we can evaluate the corresponding gravitational
energy (2.26) without the need of a regulator. The baryon-graviton energy (2.27) is found to be
UBG(R) = 2pi qB
∫ R
0
r2 dr ρ
[
V(0)in + qΦ
(
V(1)in − 4V 2(0)in
)]
+ O(q2Φ)
= −q2B
3 `pM
2
5mpR
− q3B qΦ
267 `2pM
3
350m2pR
2
+ O(q2Φ)
≡ U(0)BG(R) + qΦ U(1)BG(R) + O(q2Φ) , (2.63)
where U(0)BG is just the Newtonian contribution (for qB = 1) and U(1)BG the post-Newtonian
correction. Analogously, the self-sourcing contribution (2.28) gives
UGG(R) = −3 qΦ mp
`p
[∫ R
0
r2 dr V(0)in
(
V ′(0)in
)2
+
∫ ∞
R
r2 dr V(0)out
(
V ′(0)out
)2]
+ O(q2Φ)
= q3B qΦ
153 `2pM
3
0
70m2pR
2
+ O(q2Φ) . (2.64)
Since now UGG > qΦ |U(1)BG|, adding the two terms together yields the total gravitational energy
U(R) = −q2B
3 `pM
2
5mpR
+ q3B qΦ
249 `2pM
3
175m2pR
2
+ O(q2Φ) , (2.65)
which appears in line with what was estimated in Ref. [5]: the (order qΦ) post-Newtonian energy is
positive, and would equal the Newtonian contribution for a source of radius
R ' 83 `pM
35mp
' 1.2RH , (2.66)
where se wet qB = qΦ = 1. One has therefore recovered the “maximal packing” condition (1.7)
of Refs. [6] in the limit R ∼ RH from a regular matter distribution. However, note that, strictly
speaking, the above value of R falls outside the regime of validity of our approximations.
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2.3 Gaussian matter distribution
As an example of even more regular matter density, we can consider a Gaussian distribution of
width σ,
ρ(r) =
M0 e
− r2
σ2
pi3/2 σ3
, (2.67)
where again
M0 = 4pi
∫ ∞
0
r2 dr ρ(r) . (2.68)
Let us remark that the above density is essentially zero for r & R ≡ 3σ, which will allow us to
make contact with the previous case.
For this matter density, we shall now solve Eqs. (2.24) and (2.25) with the boundary condi-
tions (2.53) that ensure V is regular both at the origin r = 0 and at infinity. We first note that
Eq. (2.32) yields
ρ˜(k) = M0 e
−σ2 k2
4 , (2.69)
from which
V(0)(r) = −2 qB
`pM0
mp
∫ ∞
0
dk
pi
j0(k r) e
−σ2 k2
4
= −qB `pM0
mp r
Erf(r/σ) . (2.70)
For a comparison with the analogous potential generated by a point-like source with the same mass
M0, see Fig. 3. For r & R = 3σ = 3RH/2, the two potentials are clearly indistinguishable, whereas
V(0) looks very similar to the case of homogeneous matter for 0 ≤ r < R (see Fig. 1).
The first-order equation (2.25) now reads
4V(1) = 2 q2B
`pM
2
0
m2p r
4
[
Erf(r/σ)− 2 r√
pi σ
e−
r2
σ2
]2
≡ 2 q2B
`pM
2
0
m2p
G(r) , (2.71)
and we note that
G(r) '

16 r2
9pi σ6
for r → 0
1
r4
for r →∞ ,
(2.72)
which are the same asymptotic behaviours one finds for a homogenous source of size R ∼ σ. We
can therefore expect the proper solution to Eq. (2.71) behaves like Eq. (2.57) for r → 0 and (2.58)
for r →∞. In fact, one finds
V(1) = 2 q
2
B
`2pM
2
0
m2p

[
erf
(
r
σ
)]2 − 1
σ2
−
√
2 erf
(√
2 rσ
)
√
pi σ r
+
[
erf
(
r
σ
)]2
2 r2
+
2 e−
r2
σ2 erf
(
r
σ
)
√
pi σ r
 , (2.73)
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Figure 3: Newtonian potential (solid line) for Gaussian matter density with σ = 2 `pM0/mp (dotted
line) vs Newtonian potential (dashed line) for point-like source of mass M0 (with qB = 1).
in which we see the second term in curly brackets again leads to a shift in the ADM mass,
M = M0
(
1 + qB qΦ
2
√
2 `pM0√
pimp σ
)
, (2.74)
while the third term reproduces the usual post-Newtonian potential (A.21) for r  σ. For an
example of the complete potential up to first order in qΦ, see Fig. 4. Note that for the relatively
small value of σ used in that plot, the main effect of V(1) in Eq. (2.73) is to increase the ADM mass
according to Eq. (2.74), which lowers the total potential significantly with respect to the Newtonian
curve for M = M0 shown in Fig. 3.
3 Quantum linear field and coherent ground state
We are now going to see how one can reproduce the previous classical results in a quantum theory.
We will proceed by canonically quantising a suitably rescaled potential field, and then identifying
the quantum state which yields expectation values close to the classical expressions.
A canonically normalised scalar field Φ has dimensions of
√
mass/length, while the potential V
is dimensionless. We therefore define
Φ =
√
mp
`p
V , JB = 4pi
√
`p
mp
ρ , (3.1)
and replace these new quantities in Eq. (2.20). After rescaling the whole Lagrangian (2.20) by
a factor of 4pi, in order to have a canonically normalised kinetic term, we obtain the scalar field
Lagrangian
L[Φ] = 4pi
∫ ∞
0
r2 dr
[
1
2
ΦΦ− qB JB Φ
(
1− 2 qΦ
√
`p
mp
Φ
)
+ 2 qΦ
√
`p
mp
(∂µΦ)
2 Φ
]
, (3.2)
where we again assumed Φ = Φ(t, r).
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Figure 4: Potential up to first order in qΦ (solid line) vs Newtonian potential (dashed line) for
Gaussian matter density with σ = 2 `pM/mp ≡ RH (with qB = qΦ = 1).
As usual, we define the quantum field operators starting from the “free” theory, corresponding
to qB = qΦ = 0, that is we will employ normal modes of the equation
Φ = 0 . (3.3)
In particular, since we are interested in static and spherically symmetric states, we can again employ
the eigenfunctions (2.29) of the Laplace operator, and define the time-dependent modes
uk(t, r) = j0(k r) e
i ω t , (3.4)
which satisfy
4pi
∫ ∞
0
r2 dr u∗p(t, r)uk(t, r) =
2pi2
k2
δ(p− k) . (3.5)
Upon replacing (3.4) into Eq. (3.3), one of course obtains the mass-shell relation ω = k, so that the
field operator and its conjugate momentum are respectively given by
Φˆ(t, r) =
∫ ∞
0
k2 dk
2pi2
√
`pmp
2 k
j0(k r)
(
aˆk e
i k t + aˆ†k e
−i k t
)
, (3.6)
and
Πˆ(t, r) = i
∫ ∞
0
k2 dk
2pi2
√
`pmp k
2
j0(k r)
(
aˆk e
i k t − aˆ†k e−i k t
)
, (3.7)
where the creation and annihilation operators satisfy[
aˆh, aˆ
†
k
]
=
2pi2
k2
δ(h− k) , (3.8)
and we again used Eq. (2.35).
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3.1 Newtonian potential
Let us now turn to Eq. (2.22), and look for a quantum state |g〉 of Φ which reproduces the classical
solution. First of all, we will consider the Newtonian case, that is we set qΦ = 0 and find a solution
for Eq. (2.24). In terms of the new variables Φ and JB, this equation reads
4Φc(r) = qB JB(r) , (3.9)
where we emphasised that we shall only consider static currents JB = JB(r) and correspondingly
static fields. Upon expanding (3.9) on the modes (2.30), one finds the classical solution in momentum
space is of course given by Eq. (2.36), which now reads
Φ˜c(k) = −qB J˜B(k)
k2
, (3.10)
with J˜∗B(k) = J˜B(k) from the reality of JB(r), and analogously Φ˜
∗
c(k) = Φ˜c(k). We then define the
coherent state
aˆk |g〉 = ei γk(t) gk |g〉 , (3.11)
where
gk =
√
k
2 `pmp
Φ˜c(k) = −qB J˜B(k)√
2 `pmp k3
. (3.12)
Acting on such a state with the operator Φˆ yields the expectation value
〈g| Φˆ(t, r) |g〉 = 〈g|
∫ ∞
0
k2 dk
2pi2
√
`pmp
2 k
j0(k r)
(
aˆk e
i k t + aˆ†k e
−i k t
)
|g〉
= 〈 g | g 〉
∫ ∞
0
k2 dk
2pi2
√
`pmp
2 k
j0(k r)
[
gk e
i k t+i γk(t) + g∗k e
−i k t−i γk(t)
]
= −qB 〈 g | g 〉
∫ ∞
0
k2 dk
2pi2
j0(k r)
2 k2
J˜B(k)
[
ei k t+i γk(t) + e−i k t−i γk(t)
]
. (3.13)
Now, assuming 〈 g | g 〉 = 1 and γk(t) = −k t, we finally obtain
〈g| Φˆ(t, r) |g〉 = −qB
∫ ∞
0
k2 dk
2pi2
j0(k r)
J˜B(k)
k2
=
∫ ∞
0
k2 dk
2pi2
j0(k r) Φ˜c(k) = Φc(r) , (3.14)
which is exactly the classical solution to Eq. (3.9).
It is particularly important to study the normalisation of |g〉. One can explicitly write this state
in terms of the true vacuum |0〉 as
|g〉 = e−NG2 exp
{∫ ∞
0
k2 dk
2pi2
gk aˆ
†
k
}
|0〉 , (3.15)
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where NG is just a normalisation factor for now. By making use of the commutation relation (3.8)
and the well-known Baker-Campbell-Hausdorff formulas, one then obtains
〈 g | g 〉 = e−NG 〈0| exp
{∫ ∞
0
p2 dp
2pi2
g∗p aˆp
}
exp
{∫ ∞
0
k2 dk
2pi2
gk aˆ
†
k
}
|0〉
= e−NG 〈0| exp
{∫ ∞
0
p2 dp
2pi2
∫ ∞
0
k2 dk
2pi2
gp gk
[
aˆp, aˆ
†
k
]}
|0〉
= e−NG exp
{∫ ∞
0
k2 dk
2pi2
g2k
}
, (3.16)
so that
NG =
∫ ∞
0
k2 dk
2pi2
g2k = 〈g|
∫ ∞
0
k2 dk
2pi2
aˆ†k aˆk |g〉 , (3.17)
and NG is shown to precisely equal the total occupation number of modes in the state |g〉. This
quantity typically diverges, as we can show with a simple example.
Let us consider the point-like source (2.40), for which we have
gk = −qB 4piM0
mp
√
2 k3
. (3.18)
The general treatment above shows that the zero-order field will exactly equal the (suitably rescaled)
Newtonian potential (2.42), and
NG = q
2
B
4M20
m2p
∫ Λ
k0
dk
k
= q2B ln
(
Λ
k0
)
4M20
m2p
, (3.19)
where we introduced both a infrared cut-off k0 and a ultraviolet cut-off Λ to regularise the diver-
gences. The latter originates from the source being point-like, which allows for modes of infinitely
large momentum, and is usually not present when one considers regular matter densities. The for-
mer is instead due to assuming the source lives in an infinite volume or, equivalently, is eternal so
that its static gravitational field extends to infinite distances.
Had we considered a source of mass M with finite size R, we can anticipate that one would
typically find
NG ∼ M
2
m2p
ln
(
R∞
R
)
, (3.20)
where R∞ = k−10  R denotes the size of the universe within which the gravitational field is static.
It is of paramount importance to note that NG depends on R much less than it does on the mass
M , since
dNG
NG
∼ 2 dM
M
− 1
ln(R∞/R)
dR
R
, (3.21)
and the effect of the variation in the source size R can be made arbitrarily small by simply choosing
a very large R∞. This results can in fact be confirmed explicitly by employing the Gaussian
source (2.67), that is
J˜B(k) = 4piM0
√
`p
mp
e−
σ2 k2
4 , (3.22)
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from which
NG = q
2
B
4M20
m2p
∫ ∞
k0
dk
k
e−
σ2 k2
4 = q2B
2M20
m2p
Γ
(
0,
σ2
R2∞
)
, (3.23)
where we again introduced a cut-off k0 = 1/(2R∞) and
Γ(0, x) =
∫ ∞
x
dt
t
e−t (3.24)
is the (lower) incomplete gamma function. The relative variation,
dNG
NG
= 2
dM0
M0
− 2 e
−σ2/R2∞
Γ (0, σ2/R2∞)
dσ
σ
, (3.25)
shows once more that the number of quanta in the coherent state is much more influenced by
changes in the bare mass of the source than it is by changes in the width σ, for the arbitrary cut-off
R∞ may be taken much larger than σ. Moreover, since
Γ
(
0,
σ2
R2∞
)
' 2 ln
(
R∞
σ
)
, (3.26)
we see that the estimate in Eq. (3.20) is actually confirmed by taking R ' σ.
3.2 Post-Newtonian correction
Having established that √
`p
mp
〈g| Φˆ(t, r) |g〉 = VN(r) = V(0)(r) , (3.27)
solves Eq. (2.24), we can tackle Eq. (2.25), which we now rewrite as
4V(1) = 2
`p
mp
〈g|
(
Φˆ′
)2 |g〉 . (3.28)
In the above,
Φˆ′(t, r) = −
∫ ∞
0
k2 dk
2pi2
√
`pmp
2 k
k j1(k r)
(
aˆk e
i k t + aˆ†k e
−i k t
)
, (3.29)
so that
2
`p
mp
〈g|
(
Φˆ′
)2 |g〉 = 2 `2p ∫ ∞
0
p5/2 dp
2
√
2pi2
∫ ∞
0
k5/2 dk
2
√
2pi2
j1(p r) j1(k r)
×〈g|
(
aˆp e
i p t + aˆ†p e
−i p t
)(
aˆk e
i k t + aˆ†k e
−i k t
)
|g〉
= 2 `2p
∫ ∞
0
p5/2 dp
2
√
2pi2
∫ ∞
0
k5/2 dk
2
√
2pi2
j1(p r) j1(k r)
(
4 gp gk +
[
aˆp, aˆ
†
k
]
ei (p−k) t
)
= 8 `2p
[∫ ∞
0
k5/2 dk
2
√
2pi2
j1(k r) gk
]2
+ 2 `2p
∫ ∞
0
k3 dk
4pi2
[j1(k r)]
2
≡ Jg + J0 . (3.30)
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Note that the (diverging) term denoted by J0 is a purely vacuum contribution independent of the
quantum state and we can simply discard it by imposing the normal ordering in the expectation
value above. From the expression (3.12) of the eigenvalues gk, with the rescaling (3.1) for the matter
density, one can immediately see that Jg equals the classical expression (2.38), that is
2
`p
mp
〈g|
(
Φˆ′
)2 |g〉 = 2 (V ′(0))2 , (3.31)
for any matter distribution. This shows that the coherent state |g〉 obtained from the Newtonian
potential is indeed a very good starting point for our perturbative quantum analysis.
We should now determine a modified coherent state |g′〉, such that√
`p
mp
〈g′| Φˆ |g′〉 ' V(0) + qΦ V(1) , (3.32)
where all expressions will be given to first order in qΦ from now on. Like we expanded the classical
potential in Eq. (2.23), we can also write
|g′〉 ' N (|g〉+ qΦ |δg〉) , (3.33)
with
aˆk |g′〉 ' gk |g〉+ qΦ δgk |δg〉 , (3.34)
and the normalisation constant
|N|2 ' 1− 2 qΦ Re 〈 δg | g 〉 . (3.35)
Upon replacing these expressions, we obtain
〈g′| Φˆ |g′〉 ' (1− 2 qΦ Re 〈 δg | g 〉)
(
〈g| Φˆ |g〉+ 2 qΦ Re 〈δg| Φˆ |g〉
)
' 〈g| Φˆ |g〉+ 2 qΦ Re 〈δg| Φˆ |g〉 − 2 qΦ 〈g| Φˆ |g〉 Re 〈 δg | g 〉 , (3.36)
and Eq (3.32) yields
Re 〈δg| Φˆ |g〉 − 〈g| Φˆ |g〉 Re〈 δg | g 〉 =
√
mp
`p
V(1)
2
. (3.37)
By applying the Laplacian operator on both sides, we finally get
4
(
Re 〈δg| Φˆ |g〉
)
Re〈 δg | g 〉 = 4〈g| Φˆ |g〉+
√
`p
mp
〈g|
(
Φˆ′
)2 |g〉
Re〈 δg | g 〉 , (3.38)
where we used Eqs. (3.28).
The above equation relates each eigenvalue δgk to all of the gp’s in the Newtonian coherent
state, which obviously makes solving it very complicated. We will instead estimate the solution by
following the argument of Ref. [5] that was summarised in the Introduction. Namely, we assume
most of the NG gravitons are in one mode of wavelength λG ' R [6], so that
Φˆ '√`pmp k¯3/2 ∆k¯ j0(k¯ r) (aˆk¯ + aˆ†k¯) , (3.39)
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where k¯ ' R−1 ' ∆k¯, and we neglect numerical factors of order one. In particular, we have
〈g| Φˆ |g〉 ' √`pmp k¯3/2 ∆k¯ j0(k¯ r) gk¯ (3.40)
〈δg| Φˆ |g〉 ' 〈 δg | g 〉√`pmp k¯3/2 ∆k¯ j0(k¯ r) (gk¯ + δgk¯) , (3.41)
and
〈g|
(
Φˆ′
)2 |g〉 ' `pmp k¯5 (∆k¯)2 j21(k¯ r) g2k¯ , (3.42)
where we again subtracted the vacuum term J0 from Eq. (3.30). Plugging these results into Eq.(3.38)
finally yields
δgk¯ ' −`p k¯3/2 ∆k¯ g2k¯ ∼ −`p k¯5/2 g2k¯ . (3.43)
For instance, for the point-like source (2.40), one obtains
δgk¯ ∼ −
`pM
2
0
m2p k¯
1/2
∼ `pM0
mp r0
gk¯ ∼
RH
r0
gk¯ , (3.44)
where we set the characteristic size of the source R ∼ r0, the latter being the same ultra-violet cut-
off we introduced for computing the (diverging) classical gravitational energy (2.50). For r0  RH,
this result clearly falls outside the range of our approximations, since δgk¯  gk¯ (of course, we
assume qB ∼ qΦ ∼ 1). For the Gaussian source (2.67), we instead obtain
δgk¯ ∼
`pM
2
0
m2p k¯
1/2
e−
σ2 k¯2
2 ∼ RH
σ
gk¯ , (3.45)
having set k¯ ' R−1 ∼ σ−1. We then see the perturbation δgk¯  gk¯ when the source is much more
extended than its gravitational radius, which is indeed consistent with the classical results we are
trying to reproduce quantum mechanically.
4 Conclusions and outlook
Starting from the Einstein-Hilbert action in the weak field and non-relativistic approximations,
we have built an effective quantum description of the static gravitational potential up to first post-
Newtonian order. The detailed calculations presented here substantially support the energy balance
outlined in Ref. [5], and the consequent derivation of the maximal packing condition (1.7), which
is a crucial ingredient for corpuscular models of black holes [6]. Moreover, our analysis can help to
clarify a number of subtle aspects we would like to finally comment on.
Let us begin from the expression (3.20) for the number NG of (virtual) gravitons in the Newto-
nian potential. Although it remains true NG mainly depends on the mass of the static source, we
found it also (weakly) depends on the ratio R/R∞ between the size of the source and the size of the
region within which the gravitational potential is static. Such a dependence becomes negligible for
an ideal static system (with R∞ →∞), but could play a much bigger role in a dynamical situation
when the source evolves in time and the extension of the outer region of static potential is compara-
ble to R. In fact, the number NG in Eq. (3.20) vanishes for R∞ ' R and grows logarithmically with
R∞, meaning that the (Newtonian) coherent state |g〉 becomes (logarithmically) more and more
populated as the region of static potential extends further and further away from the source.
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It would also be tempting to consider the case R = RH and relate the second term in Eq. (3.21)
to logarithmic corrections for the Bekenstein-Hawking entropy of black holes. We have however
noted repeatedly that a source of size R . RH usually falls outside the regime of validity of our
approximations. Nonetheless, from the classical point of view, nothing particularly wrong seems
to happen in the limiting case R ' RH, except the very equality (1.7) that gives support to the
corpuscular model of black holes now occurs precisely in this borderline condition. That R ∼ RH
becomes critical for our description is further made clear by the estimate (3.45) of quantum correc-
tions |δg〉 to the coherent state |g〉 that reproduces the Newtonian potential, since the corrections
must become comparable to the Newtonian part for σ ∼ R→ RH. Whether this is in full agreement
with the post-Newtonian description of General Relativity or it instead signals a breakdown of the
classical picture near the threshold of black hole formation will require a much more careful analysis.
We leave this seemingly very relevant topic of quantum perturbations, along with the role of matter
pressure (which we totally neglected here), for future works.
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A Post-Newtonian potential
In order to derive the post-Newtonian correction to the usual Newtonian potential from Gen-
eral Relativity, we consider a test particle of mass m freely falling along a radial direction in the
Schwarzschild space-time around a source of mass M .
The Schwarzschild metric in standard form is given by 8
ds2 = −
(
1− 2M
r˜
)
dt˜2 +
(
1− 2M
r˜
)−1
dr˜2 + r˜2 dΩ2 , (A.1)
and the radial geodesic equation for a massive particle turns out to be
d2r˜
dτ2
= −M
r˜2
, (A.2)
which looks formally equal to the Newtonian expression, but where r˜ is the areal radial coordinate
related to the Newtonian radial distance r by
dr =
dr˜√
1− 2Mr˜
. (A.3)
Moreover, the proper time τ of the freely falling particle is related to the Schwarzschild time t˜ by
dτ =
(
1− 2M
r˜
)
m
E
dt˜ , (A.4)
8In this Appendix, we will use units with GN = 1 for simplicity.
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where E is the conserved energy of the particle. We thus have
d2r˜
dt˜2
= −M
r˜2
(
1− 2M
r˜
)2 [m2
E2
− 2
(
1− 2M
r˜
)−3(dr˜
dt˜
)2]
. (A.5)
Next, we expand the above expressions for M/r 'M/r˜  1 (weak field) and |dr˜/dt˜|  1 (non-
relativistic regime). In order to keep track of small quantities, it is useful to introduce a parameter
 > 0 and replace
M
r˜
→  M
r˜
,
dr˜
dt˜
→  dr˜
dt˜
. (A.6)
From the non-relativistic limit, it also follows that E = m+ O(2) and any four-velocity
uµ =
(
1 + O(2), 
d~x
dt˜
+ O(2)
)
, (A.7)
so that the acceleration is also of order ,
d2xµ
dτ2
= 
(
0,
d2~x
dt˜2
)
+ O(2) . (A.8)
We then have

d2r˜
dt˜2
= − M
r˜2
(
1−  2M
r˜
)2 [
1 + O(2)− 2
(
1−  2M
r˜
)−3
2
(
dr˜
dt˜
)2]
, (A.9)
and
r '
∫ (
1 + 
M
r˜
+ 2
3M
2 r˜2
)
dr˜ ' r˜
[
1−  M
r˜
log
(

M
r˜
)
− 2 3M
2
2 r˜2
+ O(3)
]
. (A.10)
Since
r = r˜ + O ( log ) , (A.11)
it is clear that Eq. (A.9) to first order in  reproduces the Newtonian dynamics,
d2r
dt˜2
' d
2r˜
dt˜2
' −M
r2
. (A.12)
The interesting correction comes from including the next order. In fact, we have

d2r˜
dt˜2
= − M
r2
+ 2
4M2
r3
+ O
(
2 log 
)
, (A.13)
or, neglecting terms of order 2 log  and higher, and then setting  = 1,
d2r
dt˜2
= −M
r2
+
4M2
r3
= − d
dr
(
−M
r
+
2M2
r2
)
. (A.14)
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The correction to the Newtonian potential would therefore appear to be
V =
2M2
r2
, (A.15)
but one step is stil missing.
Instead of the Schwarzschild time t˜, let us employ the proper time t of static observers placed
along the trajectory of the falling particle, that is
dt =
(
1− 2M
r
)1/2
dt˜ . (A.16)
From Eq. (A.4) we obtain
d
dτ
=
(
1− 2M
r
)−1/2 E
m
d
dt
, (A.17)
and Eq. (A.2) then becomes
d2r˜
dt2
= −M
r2
(
1− 2M
r˜
)[
m2
E2
−
(
1− 2M
r˜
)−2(dr˜
dt
)2]
. (A.18)
Introducing like before the small parameter  yields

d2r˜
dt2
= − M
r˜2
(
1−  2M
r˜
)[
1 + O(2)−
(
1−  2M
r˜
)−2
2
(
dr˜
dt
)2]
, (A.19)
The first order in  is of course the same. However, up to second order, one obtains

d2r
dt2
= − M
r2
+ 2
2M2
r3
+ O
(
2 log 
)
, (A.20)
which yields the correction to the Newtonian potential
V =
M2
r2
. (A.21)
This is precisely the expression following from the isotropic form of the Schwarzschild metric [1],
and the one we will consider as our reference term throughout this paper.
B Linearised Einstein-Hilbert action at NLO
We shall here consider the Einstein-Hilbert and the matter actions in the non-relativistic limit, up
to NLO in the weak field expansion
gµν = ηµν +  hµν . (B.1)
Unlike the main text, the parameter  is here shown explicitly in order to keep track of the different
orders in the expansions
X =
∑
n
nX(n) . (B.2)
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First of all, one has
gµν = ηµν −  hµν + 2hµλ hνλ + O(3) , (B.3)
the integration measure reads
√−g = 1 + 
2
h+
2
8
(
h2 − 2h νµ h µν
)
+ O(3) , (B.4)
and the scalar R = gµν Rµν is obtained from the Ricci tensor
Rµν = ∂λΓ
λ
µν − ∂νΓλµλ + ΓλλρΓρµν − ΓλνρΓρµλ , (B.5)
provided one has computed the Christoffel symbols
Γλµν '

2
(
ηλρ −  hλρ + 2 hλσ hρσ
)
(∂µhρν + ∂νhρµ − ∂ρhµν) . (B.6)
In the de Donder gauge (2.5), the effective Lagrangian (2.15) for the classical Newtonian field
appears as the sum of two terms,
L[VN] = 
2 LFP +  LM , (B.7)
with the gravitational part given by the massless Fierz-Pauli action [19]
LFP =
mp
16pi `p
∫
d3x
(
1
2
∂µh ∂
µh− 1
2
∂µhνσ ∂
µhνσ + ∂µhνσ ∂
νhµσ − ∂µh ∂σhµσ
)
=
mp
16pi `p
∫
d3x
(
∂µhνσ ∂
νhµσ − 1
2
∂µhνσ ∂
µhνσ
)
' − mp
32pi `p
∫
d3x ∂µh00 ∂
µh00
= −4pi
∫ ∞
0
r2 dr
mp
8pi `p
(
V ′
)2
, (B.8)
where we used the de Donder gauge (2.5) and h00 = −2V . The matter Lagrangian is obtained from
the matter Lagrangian density (2.10), that is
LM =
∫
d3x
(√−gLM)(1)
' 4pi
∫ ∞
0
r2 dr
h00
2
ρ
= −4pi
∫ ∞
0
r2 dr V ρ . (B.9)
Putting the two pieces together yields Eq. (2.15).
The above expressions at the Newtonian level show that the factor mp/(8pi `p) must be viewed
as of order −1, since the Einstein tensor at order n+1 couples to the stress-energy tensor at order
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n. In order to go to the next order, we must then compute third-order terms for the gravitational
part and second order terms for the matter part. After some tedious algebra, one finds
− (√−gR)
(3)
' hµν
(
∂µh
λ
ρ ∂
νhρλ − ∂λhνµ ∂λh
)
+ 2hµν ∂λh
ρ
µ
(
∂λhνρ − ∂νhλρ
)
−1
2
h ∂µhλν ∂µh
ν
λ +
1
4
h ∂µh ∂
µh
' −h00 (∂rh00)2
' V (V ′)2 , (B.10)
which we notice is proportional to −JV in Eq. (2.19), and(√−gLM)(2) = 18 h200 T00 = 12 V 2 ρ . (B.11)
Adding all the contributions, and explicitly rescaling mp/(8pi `p) by a factor of −1, one obtains the
action
S[V ] = 4pi
∫
dt
∫ ∞
0
r2 dr
{
mp
8pi `p
V 4V − ρ V + 
2
[
mp
4pi `p
(
V ′
)2
+ V ρ
]
V
}
. (B.12)
A few remarks are now in order. First of all, we have derived Eq. (B.12) in the de Donder gauge (2.5),
which explicitly reads
∂th00 = 0 (B.13)
for static configurations h00 = h00(r), and is therefore automatically satisfied in our case. This
means that the above action can be used for describing the gravitational potential V = V (r)
measured by any static observer placed at constant radial coordinate r (provided test particles move
at non-relativistic speed). In fact, there remains the ambiguity in the definition of the observer time
t, which in turn determines the value of  in Eq. (B.12), as can be seen by the simple fact that
the time measure is dt. On the other hand, changing , and therefore the time (albeit in such
a way that motions remain non-relativistic) does not affect the dynamics of the Newtonian part
of the potential, whereas the post-Newtonian part inside the curly brackets acquires a different
weight. This is completely consistent with the expansion of the Schwarzschild metric described in
Appendix A, in which we showed that the Newtonian potential is uniquely defined by choosing
a static observer, whereas the form of the first post-Newtonian correction varies with the specific
choice of time.
At this point, it is convenient to introduce the (dimensionless) matter coupling qB, originating
from the stress-energy tensor, by formally rescaling ρ → qB ρ in the above expressions. Likewise,
the “self-coupling” qΦ will designate terms of higher order in . In particular, we set  = 4 qΦ so that
the post-Newtonian potential (A.21) is recovered for qΦ = 1 9. With these definitions, the above
action yields the Lagrangian (2.20).
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